Abstract. We show that solutions of the doubly nonlinear parabolic equation
Introduction
An m-dimensional doubly nonlinear hyperbolic system of first order on a domain Ω ⊂ R n has the form ∂b(u) ∂t
where b = dφ b : R m → R m is the derivative of a convex C 1 -function φ b : R m → R, the flux f : R m → R m ⊗ R n is a C 1 -function and g is an inhomogeneity or nonlinearity. As stated, (1.1) is merely a balance law and should be accompanied with conditions on b and f which guarantee hyperbolicity, but we are also interested in the case where hyperbolicity is violated, especially due to singularity or degeneracy of b. The focus of this article lies on the case g = 0, where (1.1) is called a conservation law.
Outline of the paper
The second section reviews those results about the doubly nonlinear parabolic equation (1.2) which are needed latter in the limit process 0. In the third section, we give a definition of admissible entropies and entropy fluxes, which depends on the nonlinear diffusion terms a and b. It is shown that the limit of vanishing viscosity (provided that it exists) satisfies the corresponding entropy inequalities.
Existence of the limit of vanishing viscosity as a measure-valued entropy solution of (1.1) is established in the fourth section by using Young measures. Further, it is shown how compensated compactness can be used to prove the existence of a traditional entropy solution (i.e. a solution which is a function and not a measure) in the doubly nonlinear case. A consequence is the following theorem for a one-dimensional doubly nonlinear scalar conservation law (i.e. m = 1, n = 1) on the real line Ω = R. Theorem 1.1. Let 1 < p, q < ∞, let b ∈ C(R) be strictly monotone, q-coercive, (q − 1)-growing, and assume that b −1 is differentiable. Let f ∈ C 1 (R) be genuinely nonlinear, i.e. f does not vanish on any open interval, let u 0 ∈ L ∞ (R), and denote by u the weak solution of (1.2) to the initial value u 0 in the Vanishing viscosity for doubly nonlinear PDE 3 case g = 0 for a monotone, p-coercive, (p − 1)-growing viscosity a ∈ C(R). Then for every sequence k → 0 there exists a subsequence u k which converges weakly * in L ∞ ((0, T) × R) and strongly in every L r loc ((0, T) × R), 1 < r < ∞, to a traditional entropy solution u of (1.1). The proof of this theorem is given in section 4.1. Note explicitly that it is allowed to use functions b which are not differentiable, e.g. a signed power b(u) = |u| q−2 u with 1 < q < 2. In this case the parabolic equation (1.2) is not only degenerate resp. singular at points with ∇u = 0, e.g. in the case a(∇u) = |∇u| p−2 ∇u with p = 2, but also singular at points where u = 0, and the later also holds for the hyperbolic equation (1.1).
Doubly nonlinear diffusion equations with transport terms
Doubly nonlinear parabolic equations like (1.2) have been studied by many authors and in many articles, see e.g. [7, 1, 10] . Here we just review some of the results that allow for the limit process 0 in (1.2). For simplicity we mainly discuss the case g = 0, where no sources or reaction terms are present. In this case (1.2) is called a doubly nonlinear diffusion equation with transport terms. Further, we restrict ourselves to the case where b depends only on u (and not on t, x) and a depends only on ∇u (and not on t, x, u, b(u)).
Let us first formulate standard assumptions on the functions a, b and f specifying the doubly nonlinear diffusion. Let Ω ⊂ R n be a (possibly unbounded) domain, let 1 < p < ∞ and suppose that (A1) a : R m ⊗ R n → R m ⊗ R n is continuous, (A2) a satisfies the growth condition |a(ξ)| ≤ C|ξ| p−1 with a constant C < ∞, (A3) a satisfies the coercivity condition a(ξ) · ξ ≥ c|ξ| p with a constant c > 0, (A4) a is monotone, i.e. (a(ξ) − a(ξ)) · (ξ −ξ) ≥ 0 holds for arbitrary ξ,ξ ∈ R m ⊗ R n .
By (A1-A2) the mapping a induces a superposition operator
which is coercive and monotone due to (A3-A4). Further, let 1 < q < ∞ and assume that
By (B1-B2) b induces a superposition operator
and by coercivity (B3) and strict monotonicity (B4) the operator B is continuously invertible. Note that the potential φ b of b is strictly convex by strict monotonicity, and that (B5) is trivially 
Then f induces by (F1-F2) a superposition operator
and by Hölder's and Young's inequality
is valid with the constant c from (A3), a constant C < ∞ and the Legendre transformΦ
) dx of the potential of B in dependence on u, see e.g. [16, (8.218) ]. Thus the operator A + F is B-pseudomonotone (see [10] ) and semicoercive, as
holds. Hence, under the condition q < p * , which guarantees compactness of 
The basic a priori estimates to prove this theorem are derived by testing the equation with u, which yields the energy inequality
for almost every t ∈ (0, T) and via Gronwall's inequality bounds of u in
Note that without the transport term the right hand side of (2.1) would vanish and especially
would hold with a constant C < ∞ independent of . For our purposes the abstract setting has to be modified in two aspects: C 1 -transport terms have to be handled which do not satisfy any growth condition, and solvability of (1.2) for initial values u 0 ∈ L ∞ (Ω) has to be assured. To do this, note that because of div( f (u)) = div( f (u) − f (0)) without loss of generality it can be assumed that the C 1 -function f : R m → R m ⊗ R n satisfies f (0) = 0. Further, in the hope that an L ∞ -estimate can be established, let us consider a C 1 -cut-off of f with a compact support such that f (u) coincides with the original values for |u| ≤ u 0 L ∞ (Ω) .
Then in the case q ≤ p there is a constant C such that the growth estimate | f (u)| ≤ C|u| q/p of (F2) is valid for the cut-off of the original function (in the case p < q a further approximation f of f is needed, which converges uniformly on compact subsets of Ω and satisfies the growth condition). Thus to an initial value u 0 ∈ L q (Ω) ∩ L ∞ (Ω) there exists a weak solution u of (1.2) with the original transport term replaced by its cut-off. Now at least in the case m = 1 of a single scalar equation, logarithmic Gagliardo-Nirenberg inequalities allow to prove an L ∞ -estimate even in the presence of a transport term (and more generally also for initial values not in L ∞ (Ω), see [9, Theorem 2.9] and [13] ), and due to
By this L ∞ -estimate the cut-off coincides with the original values f (u) of the transport term, thus on the one hand u eventually solves the original equation. On the other hand due to
, and a test of (1.2) by u gives
where the right hand side is uniformly bounded w.r.t. . Thus (2.2) even holds in presence of a transport term.
3) and solving (1.2) in the sense of distributions can be obtained.
Regarding the uniqueness of solutions of the parabolic equation, let us mention the validity of an L 1 -contraction principle proved by [14] which guarantees uniqueness of so-called entropy solutions to initial values b(u 0 ) ∈ L 1 (Ω), see also [5] , and the uniqueness result of [8] for bounded solutions.
Remark 2.2.
Recall that the validity of the L ∞ -estimate (2.3) is crucial for the former conclusions, but as far as we know an L ∞ -estimate has generally been established only in the scalar case m = 1. Thus, to use the same methods for systems the validity of an L ∞ -estimate has to be assured separately, e.g. like in section 4.2 for the system (4.2) with artificial viscosity on the right hand side.
Admissible entropies and entropy solutions
Weak solutions of first order hyperbolic equations obtained by the limit of vanishing viscosity have the special property that they satisfy an entropy condition. In the doubly nonlinear case (1.1), the usual notion of an entropy -entropy flux pair has to be modified. To obtain an approriate notion we assume from now on that at least one of the functions b or b −1 is differentiable. This property is also useful in a discussion of strong solutions of (1.2), see [12] . 
Note that the nonlinear functions a and b specifying the nonlinear diffusion generally determine which type of entropies are admissible. However, in the scalar case m = 1 the requirements on d 2 Φ are equivalent to convexity of Φ. In fact, for m = 1 the first condition reads as The aim of this section is to show that if there is a limit of the solutions u of (1.2), then this limit is a (measure-valued or traditional) entropy solution. In other words, the weak solution of the hyperbolic equation singled out by the nonlinear diffusion via the limit of vanishing viscosity is an entropy solution.
Definition 3.2.
A function u is called a (traditional) entropy solution of (1.1) if u is a weak solution of (1.1), i.e.
holds for every v ∈ C 1 (0, T; C 1 c (Ω)) with v(T) = 0, and satisfies for every admissible entropyentropy flux pair (Φ, Ψ) w.r.t. a and b the entropy condition
Sometimes the requirement that u is a weak solutions is too strong, but still we want to speak about entropy solutions. Therefore, a measure-valued solution of (1.1) (see Section 4) is called an entropy solution, if it satisfies the measure-valued analogon of the entropy condition.
Let us now prove that in the case of convergence we obtain in the limit of vanishing viscosity an entropy solution of (1.1). Therefore, let u be a solution of (1.2) to an initial value Vanishing viscosity for doubly nonlinear PDE 7 u 0 ∈ L ∞ (Ω), and recall the L ∞ -estimate (2.3) and the a priori estimate (2.2). Then
in the case that b −1 is differentiable (where db −1 (b(u )) * denotes the adjoint of db −1 (b(u ))), while
in the case that b is differentiable. In both cases the right hand side converges to zero as 0. In fact, in the first case div
where boundedness of dΦ and the a priori estimate 
Hence, in both cases the right-hand side converges to zero in L p (0, T; (W 1,p 0 (Ω)) * ) as 0. Therefore, in case of convergence we obtain in the limit of vanishing viscosity a (traditional) entropy solution of (1.1).
Existence of the limit of vanishing viscosity
In the former section we precisely showed that if u
, then u is a (traditional) entropy solution of (1.1). It remains to prove these convergences. Clearly, as u ∈ L ∞ ((0, T) × Ω) is uniformly bounded w.r.t. by (2.3), also b(u ) is uniformly bounded w.r.t. in L ∞ ((0, T) × Ω), thus there is a subsequence of 0 such that
With this weak * -convergent subsequence b(u ) a Young measure (t, 
is valid in the sense of distributions, since the limit of the viscosity tensor is zero in the space
Further, by the same arguments as in the former section, ν satisfies the measure-valued analogue of the entropy admissibility condition
(in the case that b is differentiable) in the sense of distributions for entropy -entropy flux pairs (Φ, Ψ). Therefore, ν is called a measure-valued entropy solution.
However, in the following we want to show for special cases that this measure-valued entropy solution is a traditional entropy solution. Thus, we have to show that the Young measure
, so that u is a traditional entropy solution.
To do this, we want to use compensated compactness in the form of the div-curl-lemma and special entropies, see [19] . In order to apply the div-curl-lemma we want to establish compactness in W −1,2 ((0, T) × Ω), see [9, Lemma III.3.12] or [6, Lemma 16.2.2] . In the case that b −1 is differentiable we already concluded
in the former section. The second term in the bracket is a uniformly bounded measure on [0, T] × Ω, because the a priori estimate 
, because it converges to zero as 0. Further, the left hand side is bounded in every W −1,r ((0, T) × Ω), 1 < r < ∞, because Φ(u ) and Ψ(u ) are uniformly bounded. Thus the left hand side is also compact in
In the case that b is differentiable,
has been shown in the former section. Again the second term is a uniformly bounded mea- (Ω)) * ) so that it is compact. Thus due to boundedness of the left hand side in W −1,r ((0, T) × Ω), 1 < r < ∞, even compactness of the left hand side in
Note that in the former proof of compactness it is not important whether Φ resp. Φ • b satisfy the convexity assumptions of Definition 3.1, only the pointwise relations dΦ(u)db
required from an entropy -entropy flux pair are needed.
The following two subsections show, how compactness in W −1,2 ((0, T) × Ω) leads in two special cases to a traditional entropy solution of (1.1).
One-dimensional doubly nonlinear scalar conservation laws
With the results of the former sections at hand we are now prepared to prove Theorem 1.1. In fact, in the scalar one-dimensional case m = 1, n = 1, Ω = R, we can consider the two entropy -entropy flux pairs (b, f ) and ( f , g) (even if f is not convex), where the entropy flux g corresponding to f is given by g(·) :=
, and compactness of this expression in W −1,2 ((0, T) × Ω) has just been shown. Thus we can apply the div-curl-lemma to div(b(u ), f (u )) and curl(g(u ), − f (u )) and obtain the Murat-Tartar relation (see [9, 3.3 
By the relation between f and g
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where the Cauchy-Schwarz inequality
was applied. Further,
Hence, if we considerũ as a variable and u as the function defined by b(u ) * b(u), then due
In the last step we used that we know already ν,
) has to hold as an equality forũ in the support of ν. However, the Cauchy-Schwarz inequality (4.1) is an equality only if f is constant on the interval fromũ to u(t, x). Thus, if there is no interval on which f is constant, i.e. if f is genuinely nonlinear, then the support of ν (t,x) has to be the single point {u(t, x)}, so that ν (t,x) = δ {u(t,x)} .
Finally, if the Young measure associated with a weak * convergent sequence b(u ) reduces to a Dirac measure, then b(u ) converges even strongly in every L r loc ((0, T) × Ω), see e.g. [9, Theorem III.2.31], thus also u converges strongly, and the proof of Theorem 1.1 is finished.
One-dimensional doubly nonlinear systems of two conservation laws
For general systems of conservation laws it still seems to be an open problem to establish boundedness of u in L ∞ ((0, T) × Ω). However, once boundedness has been shown the former methods apply at least to genuinely nonlinear systems, for which a rich set of entropy pairs exists. Instead of discussing general doubly nonlinear systems let us discuss as a concrete example a doubly nonlinear generalisation of the system of isentropic elasticity (see [6, Section 16.7] ).
Consider the doubly nonlinear wave equation of second order
for the deformation u of a nonlinear one-dimensional elastic body with nonlinear momentum b and nonlinear stress tensor σ. This wave equation can equivalently be written as a first order system 
and thus (b −1 ) (z)
The ansatz Φ µ (z, w) = Z(z)W(w) − 1 for the solution of this PDE leads to the ODEs
with a constant µ ≥ 0, which we solve under the initial conditions
. To obtain some information about the solutions Z and W, multiply the ODEs with Z resp. W to conclude
Because (b −1 ) and σ change sign at 0, the functions µ
attain their minima at z = 0 resp. w = 0. Thus due to the choice of the initial conditions we have µ 2 (b −1 ) Z 2 − (Z ) 2 ≥ µ 2 (b −1 ) (0) ≥ 0 and µ 2 σ W 2 − (W ) 2 ≥ µ 2 σ (0) ≥ 0, so that
Theorem 4.1. Let 1 < p, q < ∞, let b ∈ C(R) be strictly monotone, q-coercive, (q − 1)-growing, and assume that b −1 ∈ C 2 (R) satisfies (b −1 ) (z) · z > 0 for z = 0. Let σ ∈ C 2 (R) be strictly monotone such that σ (w) · w > 0 holds for w = 0, let v 0 , w 0 ∈ L ∞ (R), and denote for > 0 by (v , w ) weak solutions of the parabolic perturbation of (4.2), where the right hand side of (4. ) ) for a monotone, p-coercive, (p − 1)-growing a ∈ C(R). Then for every sequence k → 0 there exists a subsequence (v k , w k ) which converges weakly * in L ∞ ((0, T) × R) and strongly in every L r loc ((0, T) × R), 1 < r < ∞, to a traditional entropy solution (v, w) of (4.2).
Let us remark that this result would be much nicer if the artificial viscosity could have been replaced by the physical viscosity ( ∂ ∂x a( ∂v ∂x ), 0) on the right hand side of (4.2). For the standard case b(v) = v and a(∇u) = ∇u this seems to be shown by [17] via compensated compactness in the L p -framework, see also [18] .
Conclusion
We considered the limit of vanishing viscosity for a doubly nonlinear diffusion equation with transport terms and were able to prove -at least in the one-dimensional scalar case and for the one-dimensional doubly nonlinear system of isentropic elasticity -that this limit exists and is a traditional entropy solution of the corresponding doubly nonlinear conservation law. Hereby we used a definition of admissible entropy pairs which in general depends on the functions a and b specifying the doubly nonlinear diffusion. In the same way generally doubly nonlinear systems may be handled if L ∞ -boundedness can be established and sufficiently many entropies are available. As a generalization of the setting discussed in this paper it seems possible to discuss non-continuous multivalued b as long as b −1 exists and is continuously differentiable.
